








B! P xB)

by assigning to every state g the set a(g) of all the pairs (s,V') € Z x8 with y—

The coalgebra homomorphisms f: (8, a) — (B, a’) are the functions which preserve

the power of representation of such transitions. This means that

(i)  v——V in B implies f(v) > AV') in B’

and

(ii) f — Vin® implies v —> 5v* in B for some v € B with f (v¥)=V'.

Note: These homomorphisms are simple formulations of what we shall refer to as strong

bisimulations.

It is also important to note that not every endofunctor of Set has a terminal coalgebra. For

example the endofunctor with a power set function

H=PZ x -)

is an endofunctor of Set, but it does not have a terminal coalgebra. However, every
endofunctor H of Set has a terminal coalgebra in Class. This is an important observation
because Class can be considered to be the proper class of singularities. The capacity to
include Class objects in normal situations is ontologically impossible, except in the
moment of the event. Because the objects of Class are indeed evental singularities, there
is an endofunctor (or self-representing function) in Set that has a terminal coalgebra in

Class. Such terminal coalgebras define our mutant automata.

Note also that a functor is an operation on categories that preserve all relationships and

morphisms of that category. We can then define the functor H : Set! Set from of the rule

HB =% xBool for all states B.
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Formal Configuration of a Mutant Automaton

I have described the existential category Exist as the category of complete Heyting
algebras (cHA). Such algebras are generated by a collection of constructor operations,
such as those which inductively construct the sequence of natural numbers from the void
object and the application of initial principles. Such structures are often referred to as
initial algebras. It is difficult to describe dynamic states, such as those occurring in
computing, with initial algebras. However, dynamic structures can be described as
coalgebras. Coalgebras are the structural duals of algebras. Coalgebras are not formed by
initial and inductive operations, but apply instead the principle of coinduction using
“destructor” or “mutation” operations. The underlying duality between algebras and
induction and coalgebras and coinduction, can easily be described in category theory.
This is especially evident in the category of functors with product objects described as the
initial pullback (fibered product) X — X X Y « Y and disjoint sum objects described as

the terminal pushout (fibered co-product) X «+— X + Y — Y in the category Set.

We have also seen how the product and the co-product objects are the initial and final

objects in the functor categories FT: Exist— Set X Exist and F | : Set + Exist— Coexist.

We have seen how mutant automata can be described as abstract mathematical machines.
Specifically, the formal schema of the subject of the sinthéme, i.e. an abstract mutant
automaton, will be described as a functor object in the cotranscendental category Coexist
in contrast to the subjectivizable body-object in the transcendental category Exist. The
formal integrity of the following description is due to (Jacobs 1997, 15, 22), although it

appears here in an abbreviated form. Any intertextual slippage should be evident.
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Let 7 be a functor. An algebra of T is a pair consisting of the set U (a state space) and the
function a : T(U). Consider the state space U to be the carrier of the algebra and call the
function a the operation of the algebra. An example of a basic algebraic operation is 0

and the successor functions 0 : 1 >N, § : N—N on the natural numbers N, forming an

algebra [0, 1] : 1 +N— N with the corresponding functor 7(U) — U passing to the carrier

set U.

For a functor T, a coalgebra is a pair (U, #) consisting of the set U with the 3 : U—
T(U). This reverses the ‘algebraic’ functor 7(U) — U. This means that the functor 7(U) —

U is transcendental while the functor U — T(U) is cotranscendental.

Consider the state space U to be the carrier and the function j to be of the structure of the

coalgebra (U, ). The difference between the algebra T(U) — U and a coalgebra U—

T(U) is essentially the difference between construction and observation. An algebra

consists of a carrier set U and a function T(U) — U into U, that construct the elements of
U. Dually, a coalgebra consists of a carrier set U with a function U — T(U) passing from

U, but this indicate how to ‘construct’ elements of U only how to operate on U because

an external agent only has limited access to U.

I have argued that the sinthome is the mutable trace of a subjectivizable real-valued flow
emerging from the occurrence of a silent singularity. The logic of the sinthome, which is
one of radical existential upheaval, may be schematically expressed as a dynamic named
transition state. The mutability of the sinthome can be stabilized, point by point, in the
dense abstract geometry of the open sets and covers that make up the topology of a site.
By folding the action of a subjectivizable mutant non-deterministic automaton into the
sinthome, a naming function emerges which is exactly a namable transition system. This
may be understood as an abstract desiring machine whose operational domain is a

terminal coalgebra. The most basic form of such an abstract machine can be thought of as
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a general transition function on a non-deterministic automaton with a “linguistic” set A
given as an input alphabet. The names a € A are observable in a world, inasmuch as the
meanings of the names are understandable in a pre-site situation. However, names must
still retain some recognizable semantic currency in a world that had been turned. An
observing subject necessarily exists outside the namable transition system we call
sinthome. The sinthome is an imaginary construct. This is because any constructible
system of representation that existed before the turn, on longer holds currency. A
subjectivizable body is always other than the sinthome. Although they bears semantic
prodigy, the names of indiscernible states and the subjectivizable mutant automaton I am
calling subject, are necessarily indiscernible alterities, but with nominal hooks to the

actual world: names.

Algebras are naturally constructed from known elements, to which coalgebras only have
limited access. However, coalgebras have other powerful properties. Coalgebras can
effectively describe mutable and dynamic systems. This means that any notion of a world
whose existential (transcendental) order is an initial algebra — such as a B-transcendental
order of a situation and the transcendental order of a world — can be “deconstructed” as
terminal coalgebras. This will involve the a modality of observation functions ranging
over a dynamic orders. The simplest form of which, is a mutant automaton whose going-

on is a coalgebra with a functor 7(X) = A X X.

Consider the functor 7(X) = A X X, where A denotes a multiple and X denotes an

unknown state. A coalgebra has two functions two : U— A and other : U — U allowing

two possible options to be given to a state u € U:
@) the operation two(u) produces a state in U
(i) the operation other(u), produces the next state in U

These operations can be repeated to form another state two(other(u)) € A. For each

state u € U we can produce an infinite sequence (a1, az, ...)AN of states a; =
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two(other®(u) € A can be produced. The sequence of elements of # what we can be
observed (not constructed from) about the elements of A. of However, this gives rise to
the notion that u#; and u> are observationally indistinguishable without actually being
equal as elements. Alternatively we can say that the elements u; and u> are bisimilar

without being ontologically (or extensionally) identical.

Let the functor 7(X) = 1+ A X X have a coalgebra Mother : U; +A X U where
Mother stands for some possible other condition (it is more accurately described as
possibly next) condition. 1° The notion of accessing some possible other state, or alterity,
is a dynamic modal operation. Such an operation is an important factor in the
construction of any desiring machine. Given a state u € U then the following conditions

will hold:

(ii1) either Mother(u) = x(*) € 1 = AX U is in the left component of +. If so
then the going-on will stop, since there is no state (element of U) with which

to continue.

(iv) or, Mother(u) = %/(a,u) € 1 + A X X (where A is a fixed state space) is in
the right component of the disjoint sum + , which gives a state a € A and a

next state u € U of the base carrier with which to proceed.

Repeating this procedure, an external agent can observe that for a state u € U is either a
finite sequence (a1, az, ... ,a,) € A* or it is an infinite sequence (a1, dz, ... ,dn ) € AN,
The observable outcomes are elements of the fixed state space A = A* = AN of finite

and infinite parts of the fixed state space A.

19 “Mother” involves a linguistic play with the term “other” and the sign for the “possibly
true” operator in modal logic “M.” In modal logic the proposition Mp asserts that the
proposition p is possibly true whereas Lp asserts that p is necessarily true. The Lacanian play
on “Mother” should be evident.
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A modal notion of the sinthéme, which in this context, is the binary desiring machine

defined

go-on : X — {*} U X (where * denotes a symbol (letter, word, mark) not

occurring in X. This is a simple choice machine. I choose to go on.
and

(two, other): X — A X X on the state space X (coalgebra function). This

is a dynamic choice machine.

Now, consider the sentences “I can’t go on” and “I’ll go on” (Beckett 1958b, 179), and
abbreviate them “icgo” and “igo” respectively. Now, let these terms denote the

dynamic modal function on for a fixed set A and the functor 7(X) = A X X
{icgo, igo) : AN — A* + AN

is given by the the functions icgo(a) = (0) and igo(a) = Ax. a(x + 1) (where Ax is

normal lambda operation on constant x).

Since icgo takes the first state of an infinite sequence (a.(0), a(1l), a(2), ...) A and takes

the remaining it turns out that the pair of functions {icgo, igo) : AN — A* + ANis an

isomorphism.

Thus for an arbitrary coalgebra (icgo, igo) : U — A X U, there is a unique

homomorphisms of algebras given for u € U and n € N by
flu)(n) = two(other® (u))

Thus icgo © f = two and igo © f = other making f a unique map of coalgebra

satisfying the two equations.

When a state u € U is an infinite set (list) of elements of A arising as one(u),

one(other(u)), one(other(other(u))), ... the observable behavior of u is precisely
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the outcome f(u) € AN at u of the unique map f'to the final coalgebra. Thus, the elements

of the final coalgebra give the observable behavior.

When we know that AN is a final coalgebra we can use tis finality to define functions into

AN, For example, a constant function const(a) = (a, a, a, ...) € AN can be defined by
coinduction. Now, define the function const(a) : 1 — AN, where the structure 1 = {*} is
a singleton set. We can produce a coalgebra structure 1 — 7(1) = A X 1 on 1 such that
the const(a) arises by repetition. We simply define a coalgebra as the structure 1 —

A X 1 as the function * — (a, *) letting const(a)arise in the finality diagram

1 const(a) AN

* = (a,%) (icgo, igo)

AX1  jdx const(a) TAXAY

The mutant flow of the sinthéme is indeed a coalgebra. Coalgebra is, without a doubt, the

logic of desire and the going-on.
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Copoiesis of a Mutant Automaton

//to maria ex m#aut=[Worm] &&&

int main() {
//what to ask?
string id(#1):“the name sticks”;
string id(#2):“wear it!"”;

string id(#3):“go on”;

if (enunciate:= “#1“) {

cout << “#2"” << endl;

else {
enunciate << “#3”<< endl;
//void action

}

return 0;

}
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Appendix

Formal Definitions of Open Sets and Covers

Under the Grothendieck umbrella, the logic of the site is a hybrid iteration of the
functorial notion of a sheaf over a topological space. Functors play a significant
mathematical role in our discussion of the final coalgebras, but an extensive formal
description of sheaves over topological spaces is beyond the scope of this discussion. It
will suffice to say, that the logic of the site is expressible in terms of the categorial

properties of open sets and covers.

Open sets are special subsets of real numbers, which are in tern, related to open intervals.

This makes the topology of a site smooth and continuous.
Topological Spaces

Let X be a multiple. A collection 7/ of the parts of X is called a topology if ...

@) Xeand g e 2

(ii) If V, € //foreachae A,then U {V,:aeA}e U/

(iii) IfVie % fori =1,2,... ,n.thenN{V;:i =1,2,... ,n} e

The multiples in the collection 7/are open sets. The ordered pairing of X and 7/becomes

the topological space (X, 7/ ).

Paraphrasing this in non-notational terms:

@iv) a collection of parts for the multiple that constitutes a situation is a topology

of the multiple if it contains the void and the multiple,

171.



) a collection of parts for the multiple that constitutes a situation is a topology
of the multiple if it contains the void and the multiple, the union of the parts
of the multiple is also in the situation and the intersection of any finite

collection of parts

The collection “open set,” in the context of the topological space (X, 7/}, is simply the
set of multiples of the topology #/.! The important thing to notice here is that a
topological space is always a pair of open sets that form the union and intersection of

open sets under certain configurations.

In mathematics, open sets are often used to distinguish between the points and subsets of
a topological space. The degree of separation of those points can be specified by a
separation axiom. The collection of all open sets that make up a topological space, and
together with the continuous functions from one space to another, preserve the

smoothness of the topology.

The idea of continuous topology and the thought that there exists closed sets which are
neither open sets nor normal sets. The idea of proximity and closeness of points in a set is

not a consideration of normal sets. A closed set is simply the compliment of an open set.
Open Sets

@) A set U of R is an open if either U= ¢ or if for some x € U there is an open

interval / 2such thatxe I C U

I An example of an open set on a metric space is a simple circle.

A circle on a metric space can be described as both an open and closed set of discrete points.
The points (x, y) satisfying the equation x> + y2=r2 inscribing the radius of the circle. Open
sets are all the points (x, y) satisfying the equation x2 + y2 < r2 which lie “inside” the
perimeter of the circle 72. The union of all pairs of points is a closed set.

2 An open interval (a, b) on the real number line is defined: (a,b)={x e R:a < x < b}.
Similarly, the real number line closed interval [a, b] is defined: [a,b]={xe R:a <x < b}.
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(i)

A subset U of R is open if and only if for every x € U there is a positive
number ¢ such that if [x — y| < &, then y € U, where |x — y| denotes the

distance between the points x and y of U

We will call a topology the open subsets of the multiple that constitutes a situation. This

multiple, together with the set of parts of that multiple, will be called a fopological space.

Closed Sets

®

(i)

(iii)

(iv)

)

(vi)

(vii)

Let (X, ?/) be a topological space in a world m. A part (subset) U C X is

closed if the complement (relative difference) X — U is open.

In any topological space (X, 7/ ) the sets X and ¢ are both open and closed.

If a multiple X={a, b, c} and % ={X, &, {a}, {a, b}}, then the closed parts

are the complements of the sets in 7. ,i.e. X, &, {b, ¢} and {c} are closed.

If a multiple X={a, b, ¢} and 7% ={X, &, {a}, {a, b}}, the set {a, c} is

neither open nor closed.

In the topological space (R, 7/ ) any closed interval [u, M] is closed since
R — [u, M]=(—00, u) U (M, +00) is open. The half-open intervals
[u,M)={xeR:u<x<M}and (u, M]={x e R: u < x < M} are neither

open nor closed.

“Closed” does not equal “not open”

The double negation “not-not open” does not mean “open.”

Open Covers
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If a set X is a topological space with parts A C X

@) A collection @={U, : o € A} of subsets of X is a cover of A if

AgU{Ua:aeA}

where L is a nonempty set of index coefficients {1, 2, ..., n}. When this is the

case we say that & covers X, or that the sets Uq cover X.

(i1) If U, is an open subset of X for each a € A, the collection € is an open cover

of A.

Bounded Parts of a Situation

Situations That Are Bounded Above

Let U be a nonempty part of a situation S, in a world m, whose transcendental 7T is

indexed to the set of real numbers R.

@) The set U is bounded above if there is an element b € R for which x < b for

every x € U.

(a) The element b is an upper bound for U.

(b) An element m € R is the least upper bound (1.u.b.) for U if m is an upper

bound for U and m is less than any other upper bound for U.

(i) U is bounded below if there is an element a € R for which x > a for every x

evU.

(a) Anelement a is a lower bound for U.
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(b) An element n € R is the greatest lower bound (g.1.b.) for U if n is a lower

bound for U and 7 is greater than any other lower bound for U

(i11) The set U is bounded if it is both bounded above and bounded below.

@iv) An element m € R is the least upper bound (1.u.b.) for U if m is an upper

bound for U and m is less than any other upper bound for U.

V) An element n € R is the greatest lower bound (g.1.b.) for U if n is a lower

bound for U and n is greater than any other lower bound for U.

Compact Topological Spaces

If the subsets of the space (IR, 7/ ) are both closed and bounded then any infinite subset
A C R has a limit point in A. (101) If all the subsets of a space (R, 7/ )are both closed
and bounded then we shall call (IR, 7/ ) a compact topological space. This is a version of

the Heine-Borel theorem for countable covers:

@) Let R have a usual topology. A subset A C R is compact if and only if A is

both closed and bounded.

(i1) If R has the usual topology, then any closed interval in R is a compact subset.

Similarly, we shall say that the signifying surface of a body is compact if and only if

every representational part of that surface is both closed and bounded.
To see that [u, M] is compact, we use the least upper bound property.

The initial algebra of any situation is ontologically closed under the real line open
interval (a, b). That is, neither the initial limit O nor 1 are accessible to some point in the
situation because, by definition of the open interval, any point lying between the limits O

and 1 is never equal to the limits of the interval itself. It is usual to define a normal

175.



algebra On the other hand, the transcendental of a world is closed under the closed

interval [¢, M]. This means that

We will treat the signifying surface of a body as a usual topological space. Let <X, /)
be a usual topological space, in which 7/is a collection of open sets and X is a topology.
An evental site is an unusual topology (X, 7/ ) *, in which the topological base of the

categories Set and Top are defined as the distinction between open and non-open sets.

Site is an object in Top such that the set V=(0, 1) U {2} is not an open set. There is no

interval I for which0 eI C U.

Situation is an object in the set U=[0, 1) is not an open set. There is no interval / for

which2elCU.

Well-Founded Situations

Well-founded situations composed of those sets which belong to the class of well-
founded sets, which can be defined recursively.? Beginning with the empty set and by
iterating the power set operation, the class of well-founded situations (WFS) can be
defined as follows. By transfinite recursion the relation R(a) for every a in the class of

ordinal numbers Ord can be defined
Let &y be the ordinal 0, by definition, and let R be a inductive recursive relation such that
(1) R(0)=0

(i1) R(a+1)= P(R(a)), i.e. the next iteration of a is a value of the power set of

R(a)

3 This definition follows (Kunen 1980, 95)
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(ii1) R(a)= Ub<a R(b) where a is a limit ordinal

We can say that the schemata (i), (ii) and (iii) formally encapsulate Badiou’s thought, that
“[v]oid alone founds an ordinal ... it alone founds a transitive set.” In contradistinction, if
a multiple a admits the singularity {a}, then “we have a N {a} = . But the foundational
element (the site), which is a, is non-void by hypothesis. The schema a, not being
founded by the void, is thus distinct from ordinals ...” (Badiou 2005, 188).4 This implies

that any set that admits a singularity is non-well-founded.

Following our schemata (i), (ii) and (iii) above we can deduce by iterative induction that
any multiple or situation is a well-founded set. Ontologically well-founded situatins can

be generally defined as the class

WFS = | J{R(a):a € Ord}

Thus the class of well-founded situations is defined to be the union of all recursive
iterations originating from the void set but terminating with a limit ordinal whose count is
b=w —1. In the schemata outlined above, the recursive ordinal construction of a situation,
which as Badiou points out, opens up fissure between purely mathematical ontology and
other non-ontological ideas of presentation and representation (ibid.). The power set
operation on R expands the closed ordinal interval [¥, w] ={@<a<w : a € Ord} to

include the ordinal count of any multiple a that is recursively constructed from the void.

A relation between two sets can be defined as being well-founded on a set without having
using the power set axiom. This is in contradistinction to normal definitions of well-
formed sets, which invariably require the power set axiom to be instrumental in a crucial

way (Kunen 1980, 98). The idea of well-formed relations over situations where the power

4 In this citation, to maintain consistency with the schemata (i), (ii) and (iii), which precede it,
the italic lowercase a denoting a variable in the schemata, replaces the Greek lowercase alpha,
a, in the citation.
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set axiom either fails (event) or has not been shown to hold will be useful in determining

how post-evental relations between states may be defined.

For example, for sets A and B the first order sentence VB C A (B # 0 = dye B(—~dz e

B (z R y))) states that the relation R is well-founded on A if and only if every non-empty
set has an R-minimal element (ibid.). In this case, the element y in the relations x R y is
called R-minimal in X. If the relation R totally orders the elements of A, then R is

considered to be well-founded on A if and only if R well-orders A.

Bisimulation relations may or may not be well-formed but invariably they may establish

well-formed relations between states which are themselves not well-formed.

Transcendental and B-Transcendental Intervals

A degree p of the intensity of appearance under the transcendental order of a world, lays

on the smooth real-line closed interval [u, M]={p e R:u <p < M}.

The B-Transcendental Count

A multiple s of a situation S has a natural count n € N closed under the B-transcendental

{0, 1} of S, laying on the discrete half-open interval [0, )={neN:0 <n < 1}.

Letting ¢y denote the ordinal O, the discrete finite onfological count m of a situation S

lays on the closed interval [F, w]={m e Ord : & < n < w}.

Letting ¥ denote the ordinal 0 and wo denote the least transfinite cardinal measure of a
site G, the discrete evental count m of & lays on the half-open discrete interval [ ¥,

wo)={meN: @ <n>wo}.

This means that the measure of a site is non-void (in the sense of being non-empty) and

the evental count of S is a transfinite cardinal measure.
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